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A STUDY OF THE TORQUE EQUILIBRIUM OF

BYF. J. BALLET,Jr.

AN AUTOGIRO ROTOR

SUMMARY

Tuw improvements hare been made in the method de-
wloped in AT.A. C. A. Reports ATOS.487 and 691 for the
estimation of the injlow Wlom-tyrequired to ow-come a
p“ren decelerating torque in an wutogiro rotor. At low
tip-speed ratios, where the a8sumption8 neces8ary for the
analytical integration of the earlier papem are ralid, the
expressions therti”nden-red are greatly ~“mplijied by com-
bining and eliminating terms ux”tha ri.ew to minimizing
the numerical computation required. At high tip-speed
ratios, by means of charts based on graphical integrations,
wrors inherent in the assumption amwiated with the
analytical method are largely eliminated.

me suggested methd of estimating the injbw relocity
presupposes a knowledge of the decelerating torque acting
on the rotor; all availablefull-scule expem”mentalinforma-
tion on thi~subject is therefore included.

INTRODUCTION

The results reported in reference 1 showed the agree
ment between the calculated and the experimental
vulues of the forces and moments on an riutogiro rotor
to be unsatisfactory at tip-speed mtios greater than 0.3.
An attempt to isolate the sources of the disagreement
W-Mmade by comparing values of the anaIyticaIIy inte-
grated expressions for thrust and accelerating torque
from reference 1 with values obtained by graphicaI inte-
gration of the eIementaI forces. This compmison in&-
ctited that the simplifications introduced in reference 1
to make possible the rmrdytical integration of the basic
expression for accelerating torque me not did at high
tip-speed ratios. Consequently, the reIation therein
given between accelerathg torque and inflow -ieIocity
results in an erroneous estimation of the inflow Telocity
required to o~ercome a given decelerating torque at
high tip-speed ratios. Because the value of the inflow
velocity so estimated must be used in crkdating alI the
rotor forces and moments from the other expressions of
reference 1, this error introduces corresponding errors
into the prec~icted mdues for all the various items con-
stituting the rotor performance.

In the present paper an attempt is made to establish
a more satisfactory method of expressing the rdation
between the accelerating torque and the inflow wIocity,
so that the inflow ~elocity required to overcome a gi~en

decelerating torque at high tip-speed ratios may be
readdy estinm ted with an accuracy comparable with
that preciously attainable only at IO-Wtip-speed ratios.
At the same time, the original method of estimating the
inflow velocity at Io-iv tip-speed ratios is simpIi6ed by
regrouping the terms in the torque equation in a
manner designed to ehinate most of the tedious
numerical computations preciously required.

The method gi~en presupposes a knowledge of the
decelerating torque arising km the drag of the blade
elements. Consequently aU a-railabIe full-scale experi-
mental information an this subject is incIuded as a
guide to the designer until such time as a satisfactory
method is devised for predicting federating torque
from blade airfoiI characteristics.

ANALYSIS

GENERAL

The -iaIues of the expressions for the forces and
moments on an autogiro rotor, as derived in references
1 and 2, me all critically dependent on the mean due
of the inflo-iv velocity through the rotor disk. hy
attempt to predict the performance of a particular
rotor therefore requires, fit, an accurate determina-
tion of the inflow veIocity necessary to maintain steady
autorotation of the rotor under the given conditions.
If use is made of the physictd requirement that the net
torque on the rotor must be zero in steady autorotation,
the estimation of the inflow -reIocity may be accom-
plished in two steps: fit, the estimation of the decelerat-
ing torque on the rotor due to the profile drag of the
bIade eIements; and, second, the estimation of the inflow
w40cit.y required to generate in the rotor an accelerat-
ing torque just equal to the estimated decekmting
torque. The present paper being primarily concerned
with the prediction of the inflow velocity when the
decelerating torque is known, the second of these steps
VW first be considered.

Throughout the folIowing amdysis it will be assumed,
m in reference 1, that the inflow velocity is uniform over
the disk area and that the contribution of the radial-
-ieloeity components to the elemental forces is negli-
gible. The notation used is identicaI with that of refer-
ence 2; for convenience, however, a list of symbols and
their detitions has been included.
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SYMBOLSAND DEFINITIONS

rotor angular velocity, radians per second.
blade radius.
forward speed.
rotor angle of ntt.~ck, radians.
speed of a.xird flow through rotor.
component of forward speed in phme of disk.
number of blades.
blade azimuth angle measured from down

wind in direction of rotation, radians.
blade chord, .-
tip-loss fuctar.
radius of blade element.
velocity component at blade element per-

pendicular to blade span find parallel to
rotor disk.

velocity component at blade element per-
pendicular both to blade sprm and to u@R.

~= tan-l W.
uT

a, slope of lift c~efficient agtiinst angle of attack
of blade airfoil section (radian measure).

Q, rotor torque.
Q., ac.celemting rotor torque.
t)~, decelerating rotor torque.

Qa=~p
2’, rotor thrust.

C.=-&

solidity, ratio

-.

of total blade men to swept-
disk area, bc/~R.

blade pitch angle at hub, radians.
difference between hub and tip pitch angles,

radians.
equivalent constant pitch angle, radians.
coefficient of cos n+ in Fourier series express-

ing blade flapping angle, radians.
coefficient- of sin n+ in Fourier series express-

ing blade flapping angle, radians.
coefficient of cos @ in Fourier series express-

ing periodic blade twist angle, radians.
~m,coefficient of sin ni in Fourier series express-

ing periodic blade twist angle, radians.
1,, mass moment of inertia of rotor bkle about

horizontal hinge.
qnll?’

T= —~ mass constant of rotor blade.
1,
ill~v, weight moment of blfide about horizontal

hinge.

ACCELERATINGTORQUE

The basic expression for the accelerating torque on
an autogiro rotor is

By definition
Q.= C~aFQ’UR’

md
bc~=—

TR

hen

-i

.

~=~ .& $+T’CL ‘%Xtij @}

The indicated summation nmy be performed annl~t.:
ic~~y on the assumptions tht~t CL ~ntics ]i[l~~~rly ]rlt h
mgle of atttick of the element, regardless of the m~gt~i-
t.ude of this angle, nnd that tho t-mglo # is &vays so
small that the sine, tangent, find tingle ore interchrmgc-
~ble. This integration lms been covered in rcfcrcnco 1
for blodes having a constrmt twist. nnd has bcm cxtemlcd
in reference 2 to cover the more general case in which
the blade twist varies periodically with tho nzimuth
position of the blade. The finnl expression is:
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(3)

When this expression is compared with cquntion (35)
of reference 2, it must be remembcrwl that tho term

( ).
.& 1+p~—;p’ in equation (35) of refcrenco 2 is iu

reality 2Ca~/~a. This quantity will cqwd 2CQ~/~a in

steady autorotation. Consequently, dQg/a will be a~2

times the sum of the remaining terms in equation (W)
of reference 2.

Expressions for the Fourier coeflkicnts of Mdc
flapping, also clerived in reference 2 (cqunt ions (22),
(23); (24), (27), and (28)), are:

-4 (
w=; :xB8+o.ot30/ln++G B’+ Pw-$’ )

+;(01+ iJ@+&’)+&4n’+ ~mw
1
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—$JP-t (5)

(6)

(7)

(8)

Substituting from equations (4), (5), (6), (7), and (S)
into equation (3), retaining only terms of the order of
~4 or lower, and regrouping

c%aKlh2+ KI%+&(ol+d +K&+KloEI+&ei—..
u? H

1+Kt2q2+K24f~— k+ KJ,2+KJl& + q)

where the coefficients K1 to &, for which complete
e.spressions are given in the appertdk, are functions
of p, B, and y only.

The magnitudes of the coefficients K24 to K81 are such
that, when a vahe Iess than 0.01 is assigned to iifw/IlfF,
the resdting contribution of the twma invohing these
coefficients to cQa/~ is nq$gible over the entire range

of tip-speed ratios. The influence of ~ on C%/u is also

of a secondq nature; comparison of values of the
coefficients h71 to h7n for 7=0 with those for -y= 15 in-
dicates that no appreciable error w-W arise from the
use of a value of ~= 15 for any conventional rotor at
any attainable altitude. Inasmuch as the chord-span

ratio of the blades used in present-day rotors varies
mIy within small limits, it is possible to assign m-bi-
rmily a value of 0.9T0 to the tip-loss factor 1? with the
~urance that ordy minor departures from the recom-

mended vaIue of 1 —~ ~ (reference 1) d resuk

By the use of the foregoing -dues for 7 and B with
xtreme dues of tip-speed ratio, pitch, twist, and
nflow -relocityj it can be shovm that the terms involving

Go, G Ku, G Km, K=, and Ku are negligible. Of
he remaining coefficimts, Kll, h=~, K,A, Ku, h&, K18,
md hr21are merely constants multiplied by p2; whereas,
K, to Kg involve two or more powers of p.
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lilxpre.&n (9) may then be reduced to

Q~ a
:=5 {KIN+ [K#o+Ka (Ol+q) +&zl

– (0.614~+0.141q2) P~A+~8,2

+K,6’c@,+ .s0)+Ks(6,+q)’+l@om

+K,(d,+ q) q, – [(0.2S4Ei+ 0.059d@o

+(0.205 c,+0.047v2) (6J,+cJ –0.260q,qA2} (lo)

Values of coefficients K, to .& may be found direotly
horn figure 1 or for specified tip-speed ratios from
table I.
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Substitution of numerical values for the pitch setting
and ttit coefEcieuts in equation (10) results in a
quadratic in h that may be soh’ed for h at any given
va]ue of cQa/G.

For rotors in which the pitch is constant along the
radius of the blade and does not vary with azimuth
position of the blade, equation (10) reduces to the form

(11)

At tip-speed ratios above 0.4 with low pitch settings
or above O.3 with very high pitch set tinga, equations
(9), (10), and (11) me inaccurate. The omission of
terms of higher order than ~Abecomes questionable nnd
the overestimation of the lift .coefllcients of the stalled
ekwnenta introduces a very serious error. Errors mia-
ing from the assumption that the angle @is sndl are
also too large to ignore. Consequently, some other
method of integrat@ the basic expression must be
found to extend the relation between torque and inflow
to higher tip-speed rRtios. .“

Reference to equation (2) shows thRt the indicakd
summation may also be mnde by evaluating the torque
for a series of elements throughout the disk and inte-
grating graphically over the disk area. This summation
is accomplished for any combination of tip-speed rRtio,
pitch setting, and inflow velocity by tit calculating UP
and uT, the perpendicular and tungentitd components,
respectively, of the velocity relative to each chosen
element. The angle @of the resultant velocity at each
element to the plane of the disk is then tan-’ uP/?&
Adding to @the mgle 6 of the chord of the element to
the plane of the disk, as defined by 80, E+, ~, e, h ca,

snd ~z,gives the angle of attuck of each element. From
a lift curve of the airfoil section, the corresponding lift
coefficient of the element is determined. ]There & is
negative, the use of —+— 8 in place of d+d allows for
the effect of the reversed flow over the blade in the srime
manner in which this problem was handled in the ana-
lytical expressions of references 1 and 2.

For rotora without blade twist, a sticient number
of graphical integrations of this type have been carried
out to permit the construction of the charts of figure 2
from which the value of x corresponding to a given
C~~/Umaybe directly determined. Because accelerating
and de.celerRtting torques are aqual in steady autorota-
tion, the subscript hus been omitted from the torque
coefficient in figure 2. Comparison of the VRIUW-of A
given by the charts with those obtained from the ana-
lytical a~pression (11) at the same (?Qa/U Ifl demon-
strate the error in expression (1 I ). As in the analytical
expression, values of ~= 15 and l?=O.97 have been used
throughout the graphical integrations in the belief that
the generality of the resulte is not appreciably impaired
by these substitutions, A further limitation of the
generality of the charts, imposed by the use throughout
the graphical integrations of the lift characteristics of
the N, A. C. A. 0012 airfoil section, is not considered

serious because only smalI departures from t-hem chm-
acterist.ics are to be e..pected in blade sections commonly
used for rotors at the present time.

Obviously, it is impossible ta supply clmrte covering
all possible combinations of fixed and varying twist.
It is reasonable to believe, however, that equations (10)
and (11 ), although qurmtittitively in error as to the
total accelerating torque produced by a given inflow
velocity, correctly repress the relative merit 0[ rotors
with and without twist as torque-generating doviccs.
This btief amounts merely to the assumption that tho
percentage error inherent in the analytical method is
the same for rotors with twi9t as for those without twist.
Hence, it should be satisfactory at high tip-apccd ratios
to use equations (10) and (11) solely as a mmns of
determining, for any rotor with twist, the pitch of what
may be termed an “equivalent” constant-pitch rotor,
that- is, a rotor with no twist capable of generating the
same accelerating torque at the same inflow wdocity.
The charts (&o. 2) for constant-pitch rotors may tbcn
be used to fid the true va~ue of the inflow velocity for
the equivalent constanppitch rotor, and the value so
found may be considered to Rpply also to the orighal
twisted rotor. In detail the procedure is M follows:

1, Substitute values for CQ~/u, a, ~, KI to &, 6., 0,,

EO,m, ~z,m, and solve equation (10) for A.
2. Using this value of h in equation (11), together

with the original value of CQ=/u,SOIVOequation (11) for
0. Tho value of t9obtained is then the pitrh of u con-
stnn~pitch rotor capable of generating the requirw!
torque at the same inflow velocity as the original rotor.

3. From the charts for constant-pitch rotors (fig. 2),
determine the true inflow factor k for a constant-pitch
rotor of pitch d generating torque Co=/u. Tbc value of
x for the original rotor is, by hypothesis, identical with
that of the equivalent constant-pitch rotor m found in
3tep 3.

DECELERATING TORQUE

It will be noted thtit, in order to estimute tho inflow
velocity by the method of the preceding section, it is
neceamry to know the vaiuo of the accelerating torque
dQa/U. = On the strength of the physical rcquiremeut
that Accelerating aud federating torques must bc
equal in steady autorotation, this quantity is normally
determined by estimating the decehmting torque on
the rotor from an integration over tho disk area of ibo
decelerating torque arising from the profile drag of ii
blade element. Hence

9=%=WWJ)’”D‘ec-) ’12’
The rigorous e-mluation of the integral of expression

(12) is possible only by graphical means becauso the
dementd profi]edr~g cof!fllcier]t CDis a l~oldinc~r func-
tion of both the angle of attack nnd the Reynolds Num-
ber at the element. Even then, uncertainty concerning
the vrdue of CL)in the presence of high radial velocit ics
m in the stalled portion of the disk mnkcs the validity
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of the results extremely doubtfuI. Flror does there ap-
pear to be any merit in the idea of replacing CD sec @
by a mean value 6, as was done in reference 1, so that

or, when the effect of the reversed-~elocity regim is in-
cluded as in reference 1?

(13)

because both graphical integration and e~eriment incli-
cate that the magnitude of 6 till -w-y with both pitch

FIGURE3-Experfmentd decderathg torque ofthePCA-2 rotor.

setting and tip-speed ratio and hence vrill require em-
pirical information for its estimation. It seems fully M
desirabIe and much simpler to formulate the empirical
rules for the direct estimation of C~~/u. IJnfort unately,
the only reliable fulkale experimental information
tivailnble for this purpose is confined to a single rotor,
the PC’A-2; and it is obvioudy impossible to establish
such rules with any de=~ee of finality at the present
time. It does seem desirable, however, to study these
data rather thoroughly in an effort to develop h tent a-
tive method of estimating ~~~fu that may be expected
to be subject to ordF minor alterations as additional
dnta me accumulated.

13xperimentaI data on C&/u, from ful.1-ade wind-
tunnel tests of the PCX–2 rotor, are shown in figure 3.
The =raIues gken were obtained by substituting arperi-
mental values of thrust and blade-motion coefficients in
the thrust-coef%cient expression of reference 2 and solv-
ing for X. The vake of CQ=/m,and hence of C*i/u, cor-
responding to this value of A was then obtained by n
process the re-rerse of the one described in the preceding
section of this paper.

~ comparison of the values of Cti/~ given in figure 3
with the experimental values of the ratio cT/~ shown in
figure 4 revenls that, at any given tip-speed ratio, C&/u
at all the pitch settings tested is almost directly pro-
portional to C=jr. The closeness of this relationship
is indicated in figue 5 where e-xperimental dues of the

1.
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FIGmr 4.—Experfmentd tbnrst eoetifem of the PCA-.2 rotor.

quotient Co/C~ are plotted as functions of p for the pitch
settings given in figures 3 and 4.

From the designer’s tiw-point, the curve shown in
figure 5 provides a possible, although tedious, method
of estimating the performance of a new design. & the
-rarious steps in-rol~ed may not be insttintly apparent,
it seems desirable to outline briefly the recommended
procedure-

h’ormally, from considerations of rotor efficiency, it
is mandatory that the designer secure some detite
~alue of cT/a at a particukir tip-speed ratio. From this

point, the problem becomes one of determining, first,
----
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the pitoh angle required to satisfy this condition; and
second, the performance of a rotor of this pitch as a
function of the tip-speed ratio. Ou the assumption
that the geometric and aerodynamic characteristics of
the blades are known, the steps required in the solution
are as follows:

1. Compute (131+Q), m, ~, and m from the expres-
sions of reference 3, neglecting the influence of the A,
190,and (@l+@) t!XlllS.

2. From CT/u and p find C~,/u from figure 5,

3. Assume a series of vtdues of do and, using C~,/a
from step 2, find the corresponding vahws of h by the
method described in the preceding section of this paper.

4. By substituting values of x and 80from step 3 into
the thrust expression of reference 2, ignoring the terms

FIGL!UE 5.—Experfmentnl torque-thrmt ratio, Cal%, for the PC.4-!J rotor.

involving al and 51, which almost ctincel one another,
obtain CT/u as a function of L90.

5. Fix 00 at the w-due corresponding to the required
G’T/c.

The twistmoefficientsmay now be rccnIculatedwith-

out neglecting the h, 001and 01 terms rmd the entire

procws repented to determine more accurately the

required 8.. The change in 80resulting from this secoud
approximation may be expected to be very small siuco
the twist coefficients are only slightly uflccted by iutlow
velocity and pitch. The small chtinge cnn protmbly be
safely neglected except in unusual designs.

It will be noted, of course, thnt at low tip-spmxl
ratios, where equations (10) and (1I) arc vfdid, h nmy

be obt.tiinecl in step 3 as an armlytictil function of t?~;
this function may then be substituted into the cxprw-
sion for C=ju in step 4, The result will be u quml r~lt ic
in 60 thnt can be solved directly fur 00 at the design
value of C=/u. Although this approach appcmsj nt
first glance, to be the more direct, in actufil practice it
will $e found simpler to proceed m orighnlly outlined,
even at low tip-speed ratios.

The performance of the rohw of pitch 0, at. other (il}-
speed-rat.ios can be ~etermiued as follows:

1. &.sume q value of CT/a at h new tip-speed
ratio. Figure 4 maybe used M n guide to a rcnscnnldc
Choic$:

2. Clbttiin the coirespon(ling C~~/u fro;l tlguro 5.

3, Calculnte %, ~1, 6A,and ~~ for the new tip-speed
ratio by the rnet.hod of refcronce 3, ncglrcting (elms
involving h.

4. ll@ermine x by tho met hi described in the first
pnrt of this paper.

5. ~fdcu]at~ CT/a fron~ the thr[lsk~oc~t’ient ~x]}rc%
sion giyen in reference 2 nnd check against the value
assunpil in step 1.

6. ‘Eepeat, modifying the ussumcd VUIUCuntil WYOCC-
ment is obtained.

LANGLEY MEMORIAL AERONAUTICAL LABORATORY,
NATIONAL ADVISORY COMMITTEE FOR AENONAUTILW

LANGLEY FIELD, VA., January10, 19S8.



APPENDIX

Complete expressions foIlovr for the coefficients KI
to Ksl appearing in eqrmtion (9). For cormenience of
reference, the term to which each coefficient is attached
is gken in parentheses immediately preceding the
expression for the coefficient.

( )[
(x’), K,=:B’+ ;+&’P P’+ &

.

( )1
?_~+BS ~:6’674B16 ~4

‘(144~~B$)2 3 16.

) [
(Ml)),K2=#F+(:B+&Tw P’++d’+ &

.

‘(
2!24 11

)1+(144!%?)’ -Tr-Gzzffl-31!:04@ ~’

(hkl+d), &=@’+(ZB2+&-@Fo)P2+[:
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(i%’),K4= ~F-+&# )[ (
305B’” F’+ ; : (144~;Bs)2 =

65
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)11296T2P–82W74B1E ~4

Me,+d), K,=(@+&#B’’)d+[;B

(
57+qBs

+ (14X%9 5 144

11.— )1~1MOT4B16~’

(([tI,+d9, &= >;B4+~oY’@&

+[:Bf+-*(g

1 17.—
)}‘~yp ~960074B16 4

[
(kql), KT=&+ ~B+&P-144& &.yBI

(
~p+3B,7 #

+ (144+17’B9 5 )1

[@em),KS=~B41L+~B’+&’B’”

1
53 B’”‘144+#BS *

(+ (144/-#B’j2 15 )]
~y’B’O+ $T4B~ /.?
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1 (~B6+3%o+B”)’4‘144+?B’ 5
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